Abstract. The aim of this paper is to study a deep connection between local cohomology annihilators and Macaulayfication and arithmetic Macaulayfication over a local ring. Local cohomology annihilators appear through the notion of p-standard system of parameters. For a local ring, we prove an equivalence of the existence of Macaulayfications; the existence of a p-standard system of parameters; being a quotient of a Cohen-Macaulay local ring; and the verification of Faltings' Annihilator theorem. For a finitely generated module which is unmixed and faithful, we prove an equivalence of the existence of an arithmetic Macaulayfication and the existence of a p-standard system of parameters; and both are proved to be equivalent to the existence of an arithmetic Macaulayfication on the ground ring. A connection between Macaulayfication and universal catenaricity is also discussed.
Introduction
Let X be a Noetherian scheme. A Macaulayfication of X is a pair (Y, π) consisting of a Cohen-Macaulay scheme Y and of a birational proper morphism π : Y → X. This analogous notion of desingularization is due to Faltings and he constructed a Macaulayfication for any quasi-projective scheme with 0 or 1-dimensional nonCohen-Macaulay locus over a Noetherian ring admitting a dualizing complex [16] . The key point in Faltings' construction of Macaulayfication is a profound connection between Macaulayfication of a local ring and the annihilators of local cohomology modules of the ring. Using this idea, Kawasaki [25] constructed a Macaulayfication for any quasi-projective scheme over a Noetherian ring provided the ground ring admits a dualizing complex. Local cohomology annihilators appears in Kawasaki's construction through the notion of p-standard system of parameters which is defined first in [8, 9] . The Macaulayfication constructed by Kawasaki in fact is a blowing up of the scheme with center formulated by a product of parts of a pstandard system of parameters. While desingularization of Hironaka [22] depends on characteristic of the ground field, the constructed Macaulayfication is significantly characteristic-independent.
Beside Faltings and Kawasaki's Macaulayfication, there are other construction in some special cases by Brodmann [4] , Goto [19] , Schenzel [32] . There is also a formulation of Macaulayfication of modules and sheaves [30] , [5] .
Going further, Kawasaki [26, 27] characterized the existence of arithmetic Macaulayfication of a Noetherian ring. Let R be a commutative Noetherian ring and I be a proper ideal of positive height of R. The Rees algebra R(I) = Kawasaki showed that a Noetherian local ring has an arithmetic Macaulayfication if and only if it is unmixed and all its formal fibers are Cohen-Macaulay. It is also remarkable that the ideal defining the Cohen-Macaulay Rees algebra is also a product of parts of a p-standard system of parameters.
Arithmetic Macaulayfication has been studied from other perspective by Kurano [28] , Aberbach [1] , Aberbach-Huneke-Smith [2] , Cutkosky-Tai [15] , Tai-Trung [33] . Analogously, an arithmetic Macaulayfication of a finitely generated R-module M is defined to be a Cohen-Macaulay Rees module R(M, I) := m≥0 I m M for some ideal I of R.
The aim of this paper is to study more extensively the relationship between Macaulayfication and local cohomology annihilators. We address ourself to two problems on local rings: Existence of arithmetic Macaulayfication of modules; relationship between existence of p-standard system of parameters and of Macaulayfication of the spectrum of a local ring.
Let (R, m) be a Noetherian local ring and M be a finitely generated R-module. . These systems of parameters have very rich properties. Beside applications in constructing Macaulayfication, they are very useful in the study of structure of local ring and modules, see CuongSchenzel-Trung [14] , Schenzel [31] , Trung [34] , Cuong-Cuong [12, 13] . p-Standard system of parameters will play an important role in our study of two problems above.
For the problem on arithmetic Macaulayfication of modules, we get the first main result. Theorem 1.1. Let (R, m) be a Noetherian local ring and M be a finitely generated R-module. Suppose M is unmixed. The following statements are equivalent: (a) M has an arithmetic Macaulayfication. (b) R/p has an arithmetic Macaulayfication for all associated prime ideals p ∈ Ass(M ). (c) M admits a p-standard system of parameters.
Here M is unmixed if dimR/P = dim M for any associated prime ideal P of the m-adic completion of M .
As a direct consequence of Theorem 1.1, a finitely generated R-module M has an arithmetic Macaulayfication if and only if so does the ring R/ Ann R (M ). So the question on existence of arithmetic Macaulayfication of module reduces to the same question on the corresponding ring. In order to prove Theorem 1.1, we first prove the equivalence of (a) and (c). Then we make use of the following result which relates the existence of p-standard system of parameters on a module to that on the ring. Theorem 1.2. Let (R, m) be a Noetherian local ring and M be a finitely generated R-module. The following statements are equivalent: (a) M admits a p-standard system of parameters. (b) R/ Ann R M admits a p-standard system of parameters. (c) Any finitely generated R-module N with Supp(N ) ⊆ Supp(M ) admits a pstandard system of parameters.
An interesting consequence of Theorems 1.1 and 1.2 is that if M has an arithmetic Macaulayfication and N is another finitely generated R-module such that N is unmixed and Supp R (N ) ⊆ Supp R (M ), then N has an arithmetic Macaulayfication.
In the second part of the paper, we study the existence of p-standard system of parameters on a local ring. It turns out that the existence of p-standard system of parameters relates closely to various subjects such as Macaulayfication, Faltings' Annihilator theorem and being quotient of Cohen-Macaulay rings. They are put all together in the following second main result of the paper. That means, if we let A be an essentially of finite type R-algebra and N be a finitely generated A-module, then for any pair of ideals b ⊆ a of A, we have
(e) Any of the above statements holds for all essentially of finite type R-algebras. Theorem 1.3 shows the existence of Macaulayfication of the spectrum of a local ring provided this local ring is quotient of a Cohen-Macaulay ring. This result in fact a generalization of Kawasaki's Theorem on Macaulayfication [25, Theorem 1.1] for local rings. Furthermore, by Theorems 1.1 and 1.3, a local ring is a quotient of a Cohen-Macaulay ring if and only if there is a finitely generated and faithful module over the ring who has a p-standard system of parameters.
The key point in the proof of Theorem 1.3 is to show that a local ring has a p-standard system of parameters if and only if it is universally catenary and all its formal fibers are Cohen-Macaulay. Then we use several times results of Faltings, Grothendieck and Kawasaki to relate the later properties with the other equivalent conditions in the theorem.
To summarize the content of this paper, in Section 2 we study the local cohomology supported by an ideal generated by a dd-sequence, a slightly generalized notion of p-standard system of parameters (see Lemma 2.2). p-Standard system of parameters is defined via the local cohomology annihilators while dd-sequence is defined by using Huneke's notion of d-sequence. We will see in Section 3 that in certain cases, dd-sequences as sequences of elements in m is easier to handle than p-standard sytem of parameters. The main result of this section is a splitting short exact sequence for local cohomology modules in Theorem 2.7.
The main technical results for the proofs of Theorems 1.1 and 1.2 are presented in Section 3. Using results in Section 2, we show that the existence of p-standard system of parameters is a local property. That means, if a module has a p-standard system of parameters then so does its localization at any prime ideal (Proposition 3.3).
We prove Theorem 1.1 in Section 4. We first prove Theorem 1.2 where the technical results in the former sections find their applications. Theorem 1.3 will be proved in both Sections 5 and 6. In Section 5 the equivalence of the conditions (a) and (b) in Theorem 1.3 is proved by Theorem 5.2. Various consequences of this theorem characterizing quotients of Cohen-Macaulay local rings are presented afterward. The last section is involved to prove the rest of Theorem 1.3 (see Theorem 6.1) and to discuss a conjectural relationship between Macaulayfication (originally, desingularization) and universal catenaricity of a Noetherian ring (Theorem 6.4). This was motivated by Grothendieck's works on connection between desingularization and excellent rings in [21] .
Local cohomology supported by dd-sequences
Throughout this paper (R, m) denotes a commutative Noetherian local ring. In this section we study the local cohomology with support generated by a ddsequence and their annihilator ideals. Let M be a finitely generated R-module of dimension d. [9] ). In [11] , the authors extend this notion for sequence of elements. We say that a sequence
, . . . , x ns s )M for all n 1 , . . . , n s > 0 and i = 1, . . . , s. The two notions above are very close in case of system of parameters as in the following lemma.
Lemma 2.2. [11, Corollary 3.9] Let M be a finitely generated R-module with a system of parameters x 1 , . . . ,
Belows we recall some basic properties of dd-sequences. Lemma 2.3. [11, Proposition 3.4] Let M be a finitely generated R-module and x 1 , . . . , x s be a dd-sequence on M . (i) x i1 , . . . , x ir is a dd-sequence on M for any 1 ≤ i 1 < . . . < i r ≤ s.
(ii) x 1 , . . . , x i−1 , x i+1 , . . . , x s is a dd-sequence on M/x i M for i = 1, . . . , s.
As usual we denote a sequence x 1 , . . . , x i−1 , x i+1 , . . . , x s by x 1 , . . . , x i , . . . , x s . By a standard method for d-sequences and Koszul homology (see Goto-Yamagishi 
Denote the i-thČech cohomology module of M with respect to the ideal (
There is a long exact sequence
where M (xs) is the localization of M by the multiplicatively closed set {1,
, there is a long exact sequence of local cohomology modules
..,xs−1) (M ) for all i < s − 1 and there is an exact sequence 
by Lemma 2.4(ii) and the assumption x 1 , . . . , x s is a dd-sequence. So x sā = 0.
Corollary 2.6. Let x 1 , . . . , x s be a dd-sequence on M . We have
Proof. From Lemma 2.5,
Hence, a ∈ Ann R H i (x1,...,xs) (M ) if and only if for any t > 0 and u ∈ (x t 1 , . . . , x t i )M : 
The next theorem gives a remarkable splitting short exact sequence of local cohomology modules, this exact sequence will be useful later on (see also [7, Proposition 2.6 
]).
Theorem 2.7. Let (R, m) be a Noetherian local ring, I ⊆ R be an ideal and M be a finitely generated R-module. Fix a non-negative integer k. Assume that there is x ∈ m such that 0 :
There is a splitting short exact sequence of local cohomology modules
for all i < k and n ≥ 5. In particular,
Proof. We first imply that x 2 H i I (M/0 : M x) = 0 for all i ≤ k from the long exact sequence of local cohomology modules
where p is the natural projection. The above diagram derives the following commutative diagram
We obtain a commutative diagram with exact horizontal lines
. We then get a homomorphism
. Therefore, the following short exact sequence is splitting
for all i < k and n ≥ 5.
Corollary 2.8. Let x 1 , . . . , x s be a dd-sequence on M . There is a splitting short exact sequence
is a system of parameter of M then there is a splitting short exact sequence
..,xs) (M ) = 0 for all j > i + 1. The conclusion then follows from Theorem 2.7.
The next lemma is a simple but very useful property of the ideal a(M ). Lemma 2.9. Let M be a finitely generated R-module. For any submodule
, this implies the first conclusion.
Let p ∈ Ass(M ) with dim R/p < dim M . There is a submodule N ⊂ M such that Ass(N ) = {p}. Thus dim N = dim R/p < dim M and by the first conclusion,
We end this section by the following corollary of Theorem 2.7. 
Proof. Since x, y ∈ a(M ), we have x ∈ Ann R (0 : M y) and y ∈ Ann R (0 : M x) by Lemma 2.9. Thus 0 : M y = 0 : M x, in particular, 0 : M x t = 0 : M x and 0 : M y t = 0 : M y for any t > 0. Using Theorem 2.7 we obtain for n, m ≥ 5,
Localization
In general a finitely generated module over a local ring does not necessarily have a p-standard system of parameters. A typical example is the two dimensional local domain given by Ferrand-Raynaud [18, Proposition 3.3] . There are only some sufficient conditions for the existence of such a system of parameters, for examples, when the ground ring admits a dualizing complex (cf. [8] ). Other examples are Cohen-Macaulay modules and generalized Cohen-Macaulay modules, namely, regular and standard systems of parameters respectively. Recently, the authors have shown that this is also the case of sequentially Cohen-Macaulay modules and sequentially generalized Cohen-Macaulay modules. In this section, we will study the existence of p-standard system of parameters when passing to localization, this is a key for the proofs of Theorems 4.2 and 5.2 in next sections. To do this, we need first some lemmas.
Lemma 3.1. Let M be a finitely generated R-module of dimension d and let x be a parameter element of M . Then 
This implies by Corollary 2.10 that
M admits a p-standard system of parameters x 1 , . . . , x d−1 and y k+1 , . . . , y d−1 is a part of a system of parameters of it such that
Using the induction hypothesis, we can choose
In the next we will show that the existence of p-standard system of parameters is preserved when passing to localization. A technical remark is, in some cases dd-sequences have more advantage than p-standard systems of parameters, one can see this in the proofs of the previous lemmas and of the following proposition. Proposition 3.3. Let R be a Noetherian local ring and M be a finitely generated R-module. Let p ∈ Supp(M ) and set r = dim R/p. Assume in addition that M admits a p-standard system of parameters. There is a p-standard system of parameters x 1 , . . . , x d of M such that x r+1 , . . . , x d ∈ p and if we put
(ii) x r+1 , . . . , x r+s2 is a maximal regular sequence on M p . In particular, M p admits a p-standard system of parameters.
Proof. If r < d then we choose first a parameter element
By the recursive method, we get a system of parameters
is a p-standard system of parameters of M with x r+1 , . . . , x d ∈ p. Without lost of generality we assume that x 1 , . . . , x d is a p-standard system of parameters. By Lemma 2.2, x 1 , . . . , x d is a dd-sequence on M , hence x r+1 , . . . , x d is a dd-sequence on M by Lemma 2.3(i). Passing to localization, it can be seen easily that x r+1 , . . . , x d is also a dd-sequence on M p for any prime ideal p ∈ Spec(R). Moreover, we have (x r+1 , . . . , x d )R p = pR p and is a p-standard system of parameters of M p .
The regularity of the sequence x r+1 , . . . , x r+s2 on M p is proved similarly.
Corollary 3.4. Keep all assumptions in the previous proposition. For k ≥ dim R/p, we have
Proof. Set r = dim R/p. We have shown in Proposition 3.3 the existence of a p-standard system of parameters
for k = 0, 1, . . . , d and x d+1 = 0. Applying Krull's Intersection Theorem we get
, . . . , x
Since x 1 , . . . , x r ∈ p, the above inclusion becomes
It should be noted that x r+1 , . . . , x d is a dd-sequence on M p and (x r+1 , . . . , x d )R p = pR p . So by Corollary 2.6 again,
In the rest of this section, we will use the results above to investigate the behavior of the depth of a module when passing to localization. Note that this result has been known in some special cases (cf. Schenzel [31] ). We start with a lemma.
Lemma 3.5. Let M be a finitely generated R-module and x 1 , . . . , x d be a system of parameters of M . Assume that x 1 , . . . , x d is a dd-sequence on M . For k = 0, 1, . . . , d − 1 and n ≥ 5 we have
Proof. The lemma is proved by induction on k. If k = 0 then 0 :
M by Lemma 2.3, (ii). Hence, from the induction assumption and Corollary 2.8 we get
. From the long exact sequence of local cohomology modules
Proposition 3.6. Let R be a Noetherian local ring and M be a finitely generated R-module. Assume that M has a p-standard system of parameters. Let p ∈ Supp(M ) and k ∈ {0, 1, . . . , d}. Then p ⊇ a 0 (M ) . . . a k (M ) if and only if depth M p + dim R/p ≤ k. Consequently, we have
Proof. Set r = dim R/p. Following Proposition 3.3, there is a p-standard system of parameters
The following corollary generalizes a result of Cuong [10, Chapter 1, Proposition 3.3] and is a direct consequence of Proposition 3.6.
Corollary 3.7. Assume that M admits a p-standard system of parameters. Then
Following Proposition 3.6, if a finitely generated R-module M admits a pstandard system of parameters then
which is a closed subset in Spec(R). Hence,
The next example shows that both inequalities are strict in general. 
Arithmetic Macaulayfication of module
Let M be a finitely generated R-module. An arithmetic Macaulayfication of M is a Cohen-Macaulay Rees module R(M, I) := ⊕ n≥0 I n M for some ideal I with height(I+Ann R (M ))/ Ann R (M ) > 0. The existence of arithmetic Macaulayfication of ring has been studied by Kawasaki [26, 27] . In this section we will investigate the existence of arithmetic Macaulayfication of module and prove Theorem 1.1. p-Standard system of parameters plays a central role in this investigation.
The following proposition is a generalization of Theorem 3.2 of Zhou [35] .
Proposition 4.1. Let R be a Noetherian local ring and M be a finitely generated
Proof. Let U M (0) be the biggest submodule of M with dim U M (0) < dim M . Since M is Noetherian, U M (0) exists uniquely and 
we get the inclusions
Hence, dim R/a(M ) < dim M if and only if dim R/a(M/U M (0)) < dim M . This reduces the proof to the case M is equidimensional. Now assume M is equidimensional. A uniform local cohomology element of M is an element
which is not contained in any minimal associated prime ideal of M . Since M is equidimensional,
is a uniform local cohomology element if and only if it is a parameter element. Hence, M has a uniform local cohomology element if and only if dim R/a(M ) < dim M . In [35, Theorem 3.2] Zhou proves that if S is an equidimensional local ring then S has a uniform local cohomology element if and only if so does S/p for all primes p ∈ Ass S, dim S/p = dim S. The proof in fact works well if we replace the ring S by an equidimensional finitely generated S-module. In particular, in our case M has a uniform local cohomology element if and if so does R/p for any p ∈ Ass M . This completes the proof.
The first theorem of this section relates the existence of p-standard system of parameters on modules and on the ground ring. It is in fact a starting point of the works in this paper. Recall that a uniform local cohomology annihilator of M is defined by Huneke [24] to be an element which kills all local cohomology modules H i m (M ) with i = dim M and which is not contained in any minimal associated prime ideal of the module M . 
Proof. (a) ⇒ (b).
Assume that M admits a p-standard system of parameters. Let S be a quotient of R/ Ann R M which is a domain. We have to show that a(S) = 0. We take any prime ideal p ∈ Supp(M ) and denote S = R/p. Set d = dim M and r = dim S. By Proposition 3.3, there is a p-standard system of parameters
Then dim S = r = dim N, and hence, p ∈ Ass N . Note that x 1 , . . . , x r is a p-standard system of parameters of N by definition. In particular, we have dim R/a(N ) < dim N . Applying Proposition 4.1 to the module N and the prime p ∈ Ass N , we obtain dim S/a(S) < dim S, so a(S) = 0. This proves (a) ⇒ (b).
(b) ⇒ (d). Let N be any finitely generated R-module with Supp(N ) ⊆ Supp(M ). Proposition 4.1 shows that dim R/a(N ) < dim N . So there exists a parameter element x t ∈ a(N ) of N , where t = dim N . By induction on t, we obtain a system of parameters x 1 , . . . , x t of N such that x i ∈ a(N/(x i+1 , . . . , x t )N ) for i = t, t − 1, . . . , 1, that is, x 1 , . . . , x t is a p-standard system of parameters of N . Proof. The necessary condition is immediate from Theorem 4.2. For the converse, let q ∈ Supp(M ) be any prime ideal. Then there is an minimal associated prime ideal p of M such that p ⊆ q. Theorem 4.2 then implies that R/q admits a p-standard system of parameters. Therefore, M admits a p-standard system of parameters.
We now use Theorem 4.2 to prove the main result of this section on arithmetic Macaulayfication of module. Recall that a finitely generated R-module is unmixed if for all associated prime ideals P of the m-adic completionM , dimR/P = dim M . This is clearly equivalent to saying that R/ Ann R (M ) is unmixed. We first show that M is unmixed. Since M is a faithful R-module, this is equivalent to showing that R is unmixed. By flat base change, R(M , IR) is a CohenMacaulay R(R, IR)-module. Note that the injective canonical homomorphism R ֒→ Hom R (M, M ) derives an injective homomorphismR ֒→ HomR(M ,M ) (flat base change). ThusM is a faithfulR-module. So R(M , IR) is faithful over R(R, IR). The Cohen-Macaulayness of R(M , IR) implies that for any associated prime ideal P of R(R, IR),
So, dimR/P = dimR for any associated prime ideal P ∈ Ass(R). This shows that M is unmixed.
Let R ′ , M ′ respectively be the localizations of the Rees algebra R(R, I) and the Rees module R(M, I) at the maximal homogeneous ideal m ⊕ R(R, I) + := m ⊕ I ⊕ I 2 ⊕ . . .. Note that R is a quotient of the local ring R ′ and the R-module M is a quotient of the Cohen-Macaulay R ′ -module M ′ . Since any regular system of parameters of M ′ is also p-standard, Theorem 4.2 implies that M admits a p-standard system of parameters. (c) ⇒ (b). Assume M is unmixed and admits a p-standard system of parameters. Let p be an associated prime ideal of Ass(M ). Then R/p is unmixed following the embeddingR/pR ֒→M . Theorem 4.2 tells us that R/p has a p-standard system of parameters. Then the equivalence (a) ⇔ (c) implies R/p has an arithmetic Macaulayfication.
Denote by Q(R) the set of p ∈ Spec(R) such that R/p has an arithmetic Macaulayfication. Q(R) contains the maximal ideal m and all prime ideals p ∈ Spec(R) with dim R/p = 1. Indeed, obviously R/p is a Cohen-Macaulay ring. So Theorem 4.4 implies that R/p has an arithmetic Macaulayfication since any regular system of parameters is also p-standard. Proof. Following Theorem 4.4, for a prime ideal p ∈ Spec(R), R/p has an arithmetic Macaulayfication if and only if it admits a p-standard system of parameters. Therefore the first assertion is clear.
Let p ∈ Q(R), then R/p admits a p-standard system of parameters. Theorem 4.2 tells us that for any q ∈ Spec(R) with p ⊆ q, R/q also admits a p-standard system of parameters, hence q ∈ Q(R). So Q(R) is stable under specialization.
The last assertion is a direct consequence of Theorem 4.2.
By this corollary, the subset Q(R) of Spec(R) is stable under specialization, so it is natural to ask if it is closed in the Zariski topology or not. The answer to this question is negative in general. If we take the two-dimensional local domain given by Ferrand-Raynaud [18, Proposition 3.3] again, denoted R, then this domain is not a quotient of a Cohen-Macaulay local ring as it is not universally catenary. Hence
which is not a closed subset of Spec(R). Corollary 4.6. Let R be a Noetherian local ring (R might have no p-standard systems of parameters). Let S(R) be the full subcategory of Mod(R) whose objects are those finitely generated R-modules which admit a p-standard system of parameters. For examples, S(R) contains all 0-and 1-dimensional finitely generated R-modules.
Then S(R) is an abelian subcategory of Mod(R) which is also a Serre subcategory, that is, for any short exact sequence of R-modules in Mod(R),
Moreover, S(R) is closed under the tensor operator, taking subquotients of modules and applying Hom R (−, R).
Proof. The corollary is a direct consequence of Theorem 4.2 and Corollary 4.5. In particular, if
Quotients of Cohen-Macaulay local rings
In this section we apply results in previous sections to explore a relationship between p-standard system of parameters and quotient of Cohen-Macaulay local ring. This could be viewed as a generalization formulation of the well-known fact that Cohen-Macaulayness is characterized by certain local cohomology vanishing.
We first recall the following characterization of quotients of Cohen-Macaulay rings by Kawasaki [ This theorem is very interesting as it relates a property on a ring to a property on the formal fibers of the ring, a classical topic in commutative algebra (see [21] ). It will be used effectively in our proof of Theorem 1.3. The first two statements of Theorem 1.3 being equivalent is proved in the following theorem. Proof. Necessary condition: Assume that R is a quotient of a Cohen-Macaulay local ring S. Note that any regular system of parameters of S is also a p-standard system of parameters. So any finitely generated S-module admits a p-standard system of parameters by Theorem 4.2(d). In particular, the quotient R admits a p-standard system of parameters.
Sufficient condition: Assume that R admits a p-standard system of parameters. Following Theorem 5.1, in order to prove the sufficient condition, we will show that the ring is universally catenary and all its formal fibers are Cohen-Macaulay.
a. Let p ∈ Spec(R) and set S = R/p. We have a(S) = 0 by Theorem 4.2(b). Note that any non-zero divisor of S is also a non-zero divisor ofŜ since the completion is faithfully flat, then any non-zero element of a(S) is not a zero divisor ofŜ. Note also that a(S)Ŝ ⊆ a(Ŝ) by the isomorphism
Hence there are elements in a(Ŝ) which are not zero divisors ofŜ. Combining this simple observation with Lemma 2.9, we get thatŜ is unmixed. Therefore R is universally catenary by Grothendieck [21, Proposition 7.1.11] (see also Matsumura [29, Theorem 31.7] ).
b. Let q ∈ Spec(R) be any prime ideal. We need to show that the fiber rinĝ R ⊗ R k(q) is Cohen-Macaulay where k(q) = R q /qR q . Since the canonical map R/q −→R/qR provides the completion of R/q and R/q also admits a p-standard system of parameters by Theorem 4.2, we reduce to the case R is a domain and q = 0.
Letp ∈ Spec(R) such thatp ∩ R = 0. Denote by K the field of fractions of R. Combining the fact a(R)R ⊆ a(R) as prove in (a) with the assumption dim R/a(R) < dim R, we imply that dimR/a(R) < dim R. Therefore,p ⊇ a(R). By the structure theorem for Noetherian complete local rings [29, Theorem 29.4] , the m-adic completionR is a quotient of a regular local ring, in particular, a CohenMacaulay local ring. So by the necessary condition,R admits a p-standard system of parameters. It implies from Corollary 3.7 thatRp is Cohen-Macaulay. Finally, for any p
The module version of Theorem 5.2 is as follows.
Corollary 5.3. Let M be a finitely generated R-module. Then M admits a pstandard system of parameters if and only if R/ Ann R (M ) is a quotient of a local ring R ′ and M is a quotient of a finitely generated Cohen-Macaulay R ′ -module.
Proof. Since M is finitely generated, there is an surjective homomorphism ϕ :
if it is necessary, we assume that Ann R (M ) = 0.
If M admits a p-standard system of parameters then R also admits a p-standard system of parameters by Theorem 4.2. Theorem 5.2 then implies that R is a quotient of a Cohen-Macaulay local ring R ′ . The composition (R ′ ) r → R r → M then implies that M is a quotient of a Cohen-Macaulay R ′ -module. Conversely, assume R is a quotient of a local ring R ′ and M is a quotient of a finitely generated Cohen-Macaulay R ′ -module. Here R ′ is a Noetherian local ring and R is a quotient of R ′ . Then it is clear from Theorem 4.2 that M admits a p-standard system of parameters over R. The locus of non-Cohen-Macaulay points of the spectrum of a Noetherian ring (also, of the support of a finitely generated module on it) keeps many information about the structure of the ring (respectively, the module). In the next corollary, we will give a relation between this set and the annihilator ideals of certain local cohomology modules of module who admit a p-standard system of parameters. This is a remarkable generalization of a result of Schenzel [31, 2.4.6] . Recall first that for any finitely generated R-module M , following [12, Remark 2.3] there is a filtration of submodules of M , 
Consequently, nCM(M ) is a closed subset of Supp(M ) (with the Zariski topology).
} by the choice of the filtration (see [12, Remark 2.3] ) and the catenaricity of R, this shows that dim( 
which is closed in Supp(M ).
A Noetherian local ring R is called a generalized Cohen-Macaulay ring (see [14] ) if the local cohomology modules H i m (R)'s are finitely generated R-modules for i = 0, 1, . . . , dim R − 1, or equivalently, if dim R/a(R) ≤ 0. Hence any system of parameters of a generalized Cohen-Macaulay local ring with a big enough exponent is a p-standard system of parameters. From Theorem 5.2 we have the following corollary.
Corollary 5.6. Let R be a Noetherian local ring. Assume that dim R/a(R) ≤ 1. Then R is a quotient of a Cohen-Macaulay local ring. In particular, any generalized Cohen-Macaulay ring is a quotient of a Cohen-Macaulay local ring.
Proof. Since dim R/a(R) ≤ 1, one can choose x 2 , . . . , x n ∈ a(R) which is a part of a system of parameters of R and choose x 1 ∈ Ann H 0 m (R/(x 2 , . . . , x n )) which is a parameter element of R/(x 2 , . . . , x n ). Then x r 1 , . . . , x r n is a p-standard system of parameters of R for r ≥ n! by Lemma 3.1. The corollary then follows from Theorem 5.2.
We say that a Noetherian local ring R has a small Cohen-Macaulay module if there is a finitely generated Cohen-Macaulay R-module M such that dim M = dim R. Note that all rings of dimension 1 have a small Cohen-Macaulay module, namely, R/H 0 m (R). However, as being indicated in the following corollary, it is not the case of rings of higher dimension (see also Grothendieck [21, Proposition 6.3.8] ). Proof. Since any regular system of parameters is also a p-standard system of parameters, Theorem 5.2 implies that R is a quotient of a Cohen-Macaulay local ring.
Let A be the two-dimensional local domain constructed by Ferrand and Raynaud in [18, Proposition 3.3] . It was proved in that paper thatÂ has an embedding associated prime, hence A is not universally catenary and it does not admit any p-standard system of parameters. For each n ≥ 0, let R n = A[[X 1 , . . . , X n ]] be the ring of formal power series with coefficients in A. Then dim R n = n + 2. Note that A is a quotient of R n . By Theorem 4.2, R n admits no p-standard systems of parameters, hence, small Cohen-Macaulay modules over R n do not exist.
Assume that (R, m) is a Noetherian local domain which has a small CohenMacaulay module M . Then there is a short exact sequence
which derives a long exact sequence of local cohomology modules
is of finite length. The next corollary says that a similar property also holds for quotient domains of CohenMacaulay local rings. It should be mentioned here that this corollary was proved by P. Schenzel [31] for local rings admitting a dualizing complex. 
Macaulayfication of local rings
This last section is devoted to discussing on Macaulayfication of local rings. Firstly, combining Theorem 4.2 and Theorem 5.2 with the works of Grothendieck [21] , Faltings [17] and Kawasaki [25] , we obtain the following theorem which proves the rest of Theorem 1.3.
Theorem 6.1. Let R be a Noetherian local ring. The following statements are equivalent: (a) R is a quotient of a Cohen-Macaulay local ring. (b) There is a finitely generated R-module M with Supp(M ) = Spec(R) which admits a p-standard system of parameters. (c) R is universally catenary and for each quotient S of R, Spec(S) has a Macaulayfication.
(d) All essentially of finite type R-algebras verify Faltings' Annihilator Theorem. That means, if we let A be an essentially of finite type R-algebra and N be a finitely generated A-module, then for any pair of ideals b ⊆ a of A, we have
(e) Any of the above statements holds for all essentially of finite type R-algebras.
Proof. (a) ⇒ (c). Assume R is a quotient of a Cohen-Macaulay local ring. Then it is universally catenary. Let S be a quotient of R. We write S = R/ ∩ r i=1 q i where q 1 , . . . , q r are primary ideals of R. For each j = 0, 1, . . . , dim S, put
So each S j is either zero or equidimensional of dimension j. We have a natural morphism
where ⊔ denotes the disjoint union. This morphism is birational and proper. Indeed, since f is finite, it is proper. We denote by CM(S) the Cohen-Macaulay locus of S, that is, those prime ideal p such that S p is Cohen-Macaulay. If p ∈ CM(S) then S p is equidimensional. Combining this with the assumption on catenaricity of R, we get that p ∈ CM(S j ) for some j and p ∈ CM(S i ) if i = j. So f induces an isomorphism
It in particular shows that f is birational. If S j has a Macaulayfication X j → Spec(S j ) for all j. Then the composition morphism
is a Macaulayfication of Spec(S). Therefore it remains to prove that for any equidimentional quotient S of R, Spec(S) has a Macaulayfication.
Let S be an equidimensional quotient of R. By Theorem 5.2, S admits a pstandard system of parameters. Corollary 4.2 of [25] concludes that Spec(S) has a Macaulayfication. Here it is worth noting that in [25, Corollary 4.2] , the ring is assumed to possess a dualizing complex, but this is used only to guarantee that the ring has a p-standard system of parameters. So in our situation, we do not need this assumption.
(c) ⇒ (a). By Theorem 5.1 it suffices to show that the formal fibers of R are Cohen-Macaulay. Moreover, replace R by R/p for any prime ideal p ∈ Spec R, we need only to show that the generic formal fibers of R are Cohen-Macaulay.
Firstly note that if X is anR-scheme of finite type then the non-Cohen-Macaulay locus nCM (X) = {x ∈ X : O X,x is not Cohen-Macaulay} is a closed subset of X. This fact should be known by experts, but for the sake of completeness we give a proof for this fact. It suffices to prove this for an affine scheme, hence we assume X = Spec A for a finitely generatedR-algebra A. For each p ∈ Spec A, we know by Grothendieck [21, Corollare 6.12.8 ] that the singular locus Sing(A/p) is closed. Then nCM(A/p) is a subset of a closed subset of Spec A/p and by Nagata criterion (see Matsumura [29, Theorem 24.5] ), nCM(X) is a closed subset of X.
Next, let π : X → Spec R be a Macaulayfication. Denote X ′ = X × Spec R SpecR. We have a commutative diagram
We need to show that X ′ is a Macaulayfication of SpecR. Indeed, since π is birational and of finite type, there is a an open dense subset U ⊆ Spec R such that the restriction π −1 (U ) → U is an isomorphism and π −1 (U ) is dense in X. 
is Cohen-Macaulay. Now, let p be a minimal prime ideal of R and let P ∈ SpecR be a closed point in the fiber of ϕ at p, that is, P ∩ R = p. Since ϕ −1 (U ) is open and dense in Spec(R), P ∈ ϕ −1 (U ). Hence, (k R (p) ⊗ RR ) P ≃R P is Cohen-Macaulay, where k R (p) := R p /pR p . So that the fiber of ϕ at p is Cohen-Macaulay. So if a Noetherian local ring is a quotient of a Cohen-Macaulay local ring, the spectrum of any quotient of the ring has a Macaulayfication. It is interesting to know whether the converse is true or not. The second part of this section is devoted to a discussion on this question.
We have seen in the proof of the equivalence (a) ⇔ (c) in Theorem 6.1 that if the spectrum of any quotient of a Noetherian local ring has a Macaulayfication then all formal fibers of the ring are Cohen-Macaulay. Wishing to find a positive answer to the question above, by Theorem 5.1 we must therefore prove that in addition, the ring is universally catenary. In the sequence, we will show that this is reduced to proving the catenaricity of the ring which is formulated in the following conjecture.
Conjecture 6.2. If the spectrum of a Noetherian ring has a Cohen-Macaulay blowing up, then the ring itself is catenary.
The conjecture is stated for Noetherian rings which are not necessarily local. However it is enough to prove the conjecture for local rings. Indeed, if Proj R(R, I) → Spec(R) is a Macaulayfication for a Noetherian ring R and m is a maximal ideal of R, then the restriction morphism Proj R(R m , IR m ) → Spec(R m ) is a Macaulayfication of Spec(R m ). Assuming the conjecture holds true for local rings, then R m is catenary. Hence R is catenary.
In order to reduce the original question to the case considered in Conjecture 6.2, we need a result on Macaulayfication of polynomial rings. Proposition 6.3. Let R be a Noetherian (not necessarily local) ring and S := R[T ] be the polynomial ring in one indeterminate over R. Suppose there is an ideal I ⊂ R such that the canonical morphism Proj R(R, I) → Spec(R) is a Macaulayfication of Spec(R). Then Proj R(S, IS) → Spec(S) is a Macaulayfication of the spectrum of the polynomial ring.
Proof. Let P ∈ Proj R(S, IS), and set p = P ∩ R(R, I). Then we can check that p ∈ Proj R(R, I). In particular, R(R, I) p is Cohen-Macaulay from the assumption. Rewriting the graded ring R(S, IS) by another way we have R(S, IS) = R(R, I)[T ]. It implies R(S, IS) P = (R(R, I) p [T ]) P which is Cohen-Macaulay. Therefore Proj R(S, IS) is a Cohen-Macaulay scheme.
This polynomial-base change theorem for Macaulayfication applies and we get almost directly the following theorem. The formulation of Conjecture 6.2 is motivated by the works of Grothendieck on connection between the problem of resolution of singularities and excellent rings. In fact, it was proved in [21] that if the spectrum of a Noetherian ring has a resolution of singularities then all the formal fibers of the ring are regular. It seems that Grothendieck expected the ring to be also universally catenary, so excellent. Theorem 6.4 could be seen as an attempt to prove this, under weaker assumption of existence of Macaulayfication.
